
 

1 Semi RiemannianMflds

Den Semi Riemm Mfld

A semi Riemannian mfld Mig consists of
1 M a smooth n dim mfld

2 Tensor field g sit HaEM it assigns a non deg I symm
bilinear form on Tam

g Tam Tam IR

Exemple

1 RP 1119 gP9 for p.ge

N.s.t.gPYppExiyi E.pyiyi

or Gau
Ip

2 IR or R Minkowski space

2 Conformal Transformations

Den Conformal transformation

M g and M g be two semi Riemannianmflds of dim n

UCM VCM opensets A smooth map y U V of



maximal rank is called a conformal transformation if
a smooth for S Rt s t

g Dg

g X Y g Te x Ty Y where Ty TU T

denotes the tangent map of4 derivative

The smooth for SL is called conformal factor of 4

Remotes

1 In local coordinates of M M 6 is conformal iff

g 6 24 24 Ig
2 The maps Tay Tam Tea M are bijective HaEM

if y is conformal Then inverse mappingthm

4 is a local diffeomorphism

Exemps
1 Local isometries on smooth

maps with q g g
are trivial conformal transformations with 2 1

2 A smooth map y
ME

G where M is a connected

open subset of 4 is conformal with 2 M Rt

if only it
Us VE R ugtry to Y Pg the



Usally Vary 0

But Holomorphic antiholomorphic functions which

satisfy Cauchy Riemann equations Ux Vy My Vx Gr

anti Cauchy Riemann egno Ux Vy Uy v c from

M with us v2to satisfy the abovetwo
conditions For holomorphic Cor antiholomorphic functions

unituito detPeto
Dy Jacobimatrix ofTy

Overall

cont transt u M e
judgmentholomorphic antiholomophi

direction is also true

For a general cont tran p u V the above

two conditions imply Ux Ux and Uy Vy are perpendical

vectors in IR of length 5240 ie

Ux Vx C Vy Uy or Ux Vx Vy Hy

meaning 4 is holomorphic anti holomorphic with

detDy to
locally invertibleso cont transt 4 M G
holomorphic antiholomophi

functions



i

3 In what sense conformal transformations preserve angles
GEIR a linear map y R IR with

matrix rep

Ay Jacobianof y

is conformal if only if following in close analogyto

2 above a c 0 a d b c Cob a c 0 9 0

b c Substituting these conditions in Ay and making
it act on a complex no Z xtiy one can observe

the 4 acts in the following format

z YZ on Z H E where aticfo
Then

Z W
FIT determines angle between z and w

upto orientation So in our case it follows by
direct calculation that

w e z elw 77,3mEur Few waw

p
11220 1220

Z 37

or when Q Z 37 one can show the same thing
holds

Conversely linear maps with Y z e w w z w

Z WE K0



w 4 7 6 w o z w Hz we 1903

are conformal transformations

Overall R linear maps y R R are

conformal Angle preserving in the above sense

3Conformal Killing Fields

God Study Conformal maps y M M where M MCIRP9

with ptg n 1

Def Localflow local one parametergroup
X is any C vector field on a chart U p EU

then there are neighborhood W of pEU an E 0 and
a Ct map

4 E E xW U
st for each a EW the th t a is an integral

curve ofX starting at a.ie 4 a a and it
also satisfies the following group like behaviour

Q a 41s a wherever they are defined

4 is called local flow generated by a vector field

Why do we need localHow



Because

o a a and 2 9 Xy t a
HAEWCU

Tsaistotheflow

At t o
equation

0 11 heat a

ie One can recover the whole vector field from
its local flows Denote 6 t as 4 1 then

Ester is called the local one parameter

group of

DEI Lokillingfild
A vector field X on MC IRP9 is allded conformal

if 4 is conformal for all t in the neighborhoodoft

The
Let MCRP and g gP for Minkowski and
be a conformal field Then CX's X 12



wrt canonical coord of IR Then a smooth th

5 M IR sit

2X 2 2 18
where

OnXy 2 go
Profo

FX is conformal killing field E ER ReMER
s t

Eg a g Ya 24 241 45 9

DifferentiatewttTE.it Irstictto1E
g 24 a 24 a gg.BY a 2,4 a Rent g
Recall is

identity.VE
is a flowofX to

So Jacobian of identity is justKronecker
delta coordinate wire

g 2qX a 8 g 2X a 8 191 1 9



e QXv 2 Xy Real gaula

7minfinitesimal

conformal tran

The above statement motivates thefollowing definition

Deff conformal killing factor
let g M IR be a smooth function 5 is called

Apa

a conformal killing factor if there exists a conformal

killing field X sit

9 2 5go
where X 9
Theorem

ry M IR is a conformal killing factor

n 2 927 g g 22 1
Prof t.gg

I



g

Poof JEFE gymanotics which is not too interesting
to see
Thm 1.6 in main reference S pages 14,15

Direction follows in 54 below
Remder

Kira
informal Cn 2 22 4 Yes

82111killing factor

For n r this means

49 0

For n 2 y is a Conf Killing factor
a For 242 225 0

For 2 2 h 02 545
or 27 47

4 Classification ofConf transt
Cont tran of connected

open
sets of MCRPI

Case ptq n 2

cont Killfactor n 21287 8,4g5



For 4 2

Cr 2 gaping Dg 0

Σ on bothsides

2 Ch 2Ugg Dg5
0

for Og o Substitute this back in toget

254 0 Q q qⁿ he e t.in

const

g 7 2292 q q EMCR
X 2ER

Cares My 0 exponetiating D aka local isometries

So 2 2 Xy 0

Similarly Juxy 2 0
0

g ce was where

1,0 ER

If WE vanish
49 C



q c Solve

y t
q q

tc is the Global one parameter
group

Associated

conformaltrans Y 9 q
c Translation

t D
If c 0 w 0 then

go Any go
0

leads to
9gs gag

e wty go
o ie elements of pig w wTg gw

o

I
Globaloneparameterflow 6 t 9 etq

For t 1 p g Eg being the
associated conformal tran

ie yn
IRP RPA

qERⁿ q Ng where

he O pig NER ntgren g



ie Nx Nx x x

caseI g
D Rko const

I
g 79

Associatedconf 41g Eq q ER Dilations
tran

LI 740
g 7 29 If 7 0 then

Parametrize as p q 4 9 b qER bEIR 03

I
tas no global a 2 9,594 9,9 6 ftp
group
re parameter

is the coln of
axy 2yXo 5992

Thus proving direction of Thm in pg 6 7 ofther
notes

So for every conformal killing field X with conformalkillin

factor y g X x q 4 q
b we can



7
define a vectorfield Y q g 2g b qq.pt Xq

which is a conf Killing field with conformal killing factor

Y g twg by care 1
discussion above

ie We proved

Im
Every conformal killing field X on a connected open

subset Mot RPM for ptg n 2 is of the
form

g 2 9,679 q 9 b Xq c cog

for suitable b c EIR XER we pig

Theconformal killing field

g 2 9b q qq b by o qER
we described above has NO global one parameter

gap of solutions for j q Its solutions form

the local one parameter group

UP EE 8
bItECtitilhere

tq tq is the maximal interval around container

1



I
tER 1 2 9 tb q q tb tb 0

So the associated conformal transformation 1 is

up q cnt
which are called special conformal transformations

Sumay

Every conformal transf 4 M IRP for ptq72
M being a connected opensubset of IRP9 is a

composition of the following four typesof maps
1 a translation q q c CER

2 an orthogonal transformation q Ng NE O pig
3 a dilation q etq XER
4 a special conformal transformation

a EE.to apatibE
cases Euclidean plane p 2 9 0

Already discussed in Example 2 of
examples of conformal transformations ie stated

again



Cases Minkowski plane p q 1

Them A smooth map 6 u v M IR on a

connected open subset of MCIR is conformal if
only if

UI V2 and ux Vy Uy Vx

OD

Ux Vy My Vc

Corollary The orientation
preserving

linear conformal

maps 4 IR IR have matrix representations of
the form

A Ay expt
Cork sinh s

sinh s cosh s

or

expt
00h s sinh s

sinh s cosh s

with Gt ER
Interprett dilation s boost similar to Euclidean case

seen above


